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A Study of Smectics in a Confined Geometry 

CLAIRE ANDERSON and FRANK M. LESLIE 

Department of Mathematics, University of Strathclyde, Livingstone Tower; 26 
Richmond Street, Glasgow GI IXH, Scotland 

This paper discusses a continuum theory for smectic liquid crystals that allows variations in 
layer spacing and cone angle. 

Keywords: smectics; continuum model; layer tilt; layer deformation; strong anchoring 

INTRODUCTION 

DESCRIPTION OF SMECTIC CONFIGURATION 

[1853]/609 
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i 

FIGURE 1 Strong anchoring at plates forcing SmC type behaviour 
near the boundaries. 

Layer Tilt 

FIGURE 2(a) Description of molecule directors. 

It. is reaqonablc t,o ~ ~ S S I I I I I C  that there is no domain structure parallel to  the 
platcs atid thus all ilnglc!s varv only with respect to tlic z coordinatc. The 
angle 6 descr ihi  the 1ayw tilt, zmd in this ciye is chosen to lie between 
-7r/2 aid ~ / 2 .  RIorc prr!cisel.v, 6 (t) > 0 in the ilppcr half, and 6 ( 2 )  < 0 
i n  t,lie lower half of tlii' ccll. Notc t,hat for svmmetrv and continuity in the 
centre of thc saniple, it is required that 6 (0) vanishes (see Figure 1). 
The vector II represents the mean direction of the liquid crystal molecules, 
iriitl t.o siutplify the motl~l.  it is sensiblr to  ~~SSIII I IC that, is of unit. length 
iiritl rescalf* ;il l  otltrr lengt Its acc*nrtliiigly. Thr "liiyfbr t h i ~ k n ~ ~ s "  vector 
is ortltogonal t o  t h c .  sturrt,ic laver i\nd tins tiiagnitude equal 1.0 the resciiIe.tI 
liryiir spacing. Fiirt.hrr. (1 is sitnply t.he projc!c'tioti of onti) the sincetic 

( )iir i ~ ~ - ~ i I a t i i ~  diwript ioii of t1w liqiiitl vryslal ~iiolrc~iilvs is c~ottipli:tc whiw t l t v  
SitiC: cone* iirigl~ H ( z )  is introduced. This is the anglc brtwern thr director 
itlit1 thr liryrr t ~ o ~ ~ t ~ i d .  i ~ ~ t l  is W.SIIIII~!~  1.0 br iiti aeiit,r angle. If 0 (2) is zcro, 
t h e  tiioleciiles arc cltwly i t t  the sm.4 pliwc~. while 0 ( 2 )  non-zero, itidi(*iitw 
i i  SniC typr i~>~if ig~~ri i t iot~.  

l i i y ~ .  I ~ I I S  i11i~1 4 ~ I T P  (trtlt(>gottiil. D
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A STUDY OF SMECTICS IN A CONFINED GEOMETRY [ 1855]/611 

0 4  

FIGURE 2(b) Description of molecule directors. 

t,he plane as shown in Figure 2(b). Here we assunie that 0 5 4 ( t )  5 K, but 
equally any range kn 5: 4 ( 2 )  5 (k + 1) K, k E Z may be used. 
The directors 4 , c and n may therefore be described as follows: 
- d = cose (cos 6, 0, - sin 6) 

= - sin 0 (sin 6 cos 4, sin 4, cos 6 cos 4) 
1 = (cos 0 cos 6 - sin 0 sin 6 cos 4, - sin 0 sin 4, - cos 0 sin 6 - cos 6 cos 4 sin 0) 
111 the analysis, the density wave vector a is used in preference to (i. This 
is simply a vector in the direction of d with magnitude 2 ~ / 1 d 1  

2n 
i.e. g = - (cos6, 0, - sin6) 

l:os e 
CONSTRAINTS 

n.tic*ry t h v  m r n  subscript tlviiotes the value at 2 = 0. 
Gircw r,he raliie of k. t,lie al)ovi, two conditions do i n  fact. girt. A great (leal of 
iiiformation about. thr nature, of t,he solutions. From (1 )  and ('I) wc tlrdiicc 
that. k 2 1, but  physically k is required t,o be not, milch greater t.tiaii 1. 
We consitier thc two cases k = 1 and k > I ;IS follows: 

('ail IIRV(. in-plaiic* syiiiiiicwic. soliitioiis i n  w l i i d i  
I i i  t.his casc iqiiatioii ( 1 )  implivs t l i i i t  6 is iqiiill t i )  M. ; i n d  oi l ( '  

o = ~ I .  ( : ) = a .  : > ( I :  -0. 1;) - 1 1 .  : < I )  

01 6 = H .  fjJ = 0. : > 0;  I5 = 4. $9 = i;. 2 < 0 
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with both 6 and B zero at z = 0. 
- k > 1: 
therefore for a symmetric solution 

In this case B does not vanish at z = 0, although 6 does, and 

7T 
C o s ~ ~ 0 = 0  or & o = -  

2 
with the alignment clearly coming out of the zz-plane. 

GOVERNING EQUATIONS 

In the bulk of the sample, balance of angular momentum requires that 

(3) 

where ji, -y and Q are Lagrangc mnltipliers, and Cartesian tensor notation 
is employed throughout. 
W is the bulk energy of the samplc, but for simplicity we do not consider 
the complete elastic energy which requires rather more elastic constants, 
and instead use the following form: 

2W = K O  (QJ + K ( c ~ c , ) ~  + K" ( ~ , j ~ + , j ) .  (5) 

This particular form has been chascn in order to take into ar:count the three 
iiiost important. features of the model; the teriiis K", K and IP respcxtivcly 
being niewurcs of layer elasticity, dcpartiirw from SniA I)ehaviour, and tlis- 
tmtions of thc! director around t,lic layer nornial. I n  this case, the elastic 
constants arc sidi that h" *: K" < K. 

SOLUTIONS 

Each of the previous two vcctor cquations may bc iinalysivl to extract cs- 
prrssions for thr Lagrangv niultiplirrs as follows: 

and -y are obtainid from qiiation (6). 
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A STUDY OF SMECTICS IN A CONFINED GEOMETRY [18573/613 

The above two expressions now allow /3 to be found frorn equation (7). 
If the scalar product of equation (6) and (a x I;) is taken, this yields the 
following differcritial equation: 

4" sin e + 20'4' cos e + 6" sin e sin 4ca. 4 = 0. (8) 

We return to t,hr above equation at a later stage, and rcgard it w a second 
order diffcrcntial equation for 4 ( t ) .  For the moment, however, we turn our 
attention to finding an equation for 6 ( 2 ) .  .4t this stage, for simplicity it 
is c:onvcnient to rcscale z + zd. Supposing that h" << K", equation (7) 
yields to first approsiniation 

Intcgrating the above esprmsion gives 

and c' is simply H constant of integration. Sitiw this particiilar mot l~ l  
rcquircs that thc layer tilt 6 be pcxsitive in the upper half and zero in the 
centre. this implies that 6' (0) > 0. Let 8 ( 0 )  = crA/k  > 0, t o  give thc 
following first ordcr differential equation for 6 ( 2 ) :  

Thus. if thc values of k, n. d and tlir fisrul boundary condition 0' (ti) arc 
kno\vn. then onc may ralriilatr the layer tilt a t  cadi point in the I-ell. 

delta lz) 

./-' 
-1 0.5 
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Note the apparently simple form of the equation when we have the in-plane 
solution with k equal to unity: 

flb 
dz 
- = acosZr5 j-. 

Frustratingly enough, we have been unable to solve even this form of the 
equation analytically, and in all cases have had to resort to numerical tech- 
niques to obtain solutions. Figure 3 shows one such numerical solution. 
The alignment of the molecules in the cell is very dependent upon how they 
are fixed at the boundaries. We now look at the different configurations 
which arise if we anchor the molecules either parallel or a t  an angle to ttie 
plates. 

Molecules An-lel to the P latea 
If the molecules are anchored parallel to tho plates, they will remain so 
throughout the sample, and wc are forced to have k = 1. There are 2 cast% 
depending on whether b ( d )  is zero or non-zero: 
( a )  Figiirt! 4(a) shows the configuration when 6 (d )  = 6, (d )  = 0, arid hence 
b ( z )  and 0 (2) are zero throughout the sample. 
( b )  Figure 4(b) shows the configuration when 6 (d) # 0 and thus 

6 = 8 ,  4=7r, z > o ;  6 = - 0 ,  +=o ,  z < o .  

111 t.tiis rase, 6 (2) and licnct! B ( 2 )  , may he found via equations (1) and (9). 
Clriirly thr solut.ioii (a) has thr lowcr rncrgy. 
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A STUDY OF SMECTICS IN A CONFINED GEOMETRY [ 1859]/615 

FIGURE 5 Possible geometric configuration when k = 1. 

6 (2) is governed by eqquatioii (9) with a suitable fixed hoirndary condition 
(see Figure 5). Since the coiie angle O(z) is necessarily zero at z = 0, it is 
unimportant as to  whether 40 is equal to 0 or 71. 

111 this case, the ino1ec:iiles are forced oiit. of the plane, and 
4(0) = n/2. In order to see how $ ( z )  varies, equation (8) is written in 
terms of 6 and 4 alone as follows: 

k>l: 

and since k > 1, one may divide ttirougli by /- t,o give 
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Continui ty  of Stress and Couple Stress 
We rrnrst ensure that the solutions which we have obtained arc continuous in 
both stress and cuuple stress wross thin centre of the sarnple. The reqiiircttl 
vontinuity i~ontlit~ions are trivially satisfied if k # 1. If Ilowcwcr k = 1, 
even though t.lie director is continuous, therr is a discont.iniiity in 4 ( z )  
at 2 = 0. ~oriseqi~enl~y, #(o)  does not, exist, hut. it may be shown that 
rrlcvant. cwnponc*iit.s of' stress and coiiple strcw do ill  fact vary ~ori t i~~uousty 
i is  required. O i i r  iiiaiy tlirreforc coiiclutlc that stress and couplc stress are 
c.ontinuous, and our solutions do indiwl dcscrihe equilibriurll configurations. 

Energy Considerations 
After haviiig fount1 several diffcrcnt niatheniatically correct equilibriurii SO- 

lutions, it is necessary to considcr those which arc physically relevant. tt 
is thus essential t o  identify those solutions which are more energetically 
favourahle. Thc cncrgy of the system is rornputed via the cquation 

whew U; is given by equation (5). For our particular model, and agaiii 
ii!ssuniing that K << K", this expression may bc, rediiced to an integral of 
the form 
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